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Abstract
This study develops exact soliton solutions for the (2+1)-dimensional Kundu–Mukherjee– Naskar equation, a versatile model 
describing signal transmission in telecommunications and long-distance optical fiber pulse propagation. The equation is 
reduced to a nonlinear ordinary differential form using a traveling wave transformation derived from Lie symmetry infini-
tesimals. Two analytical approaches, the modified Sardar sub-equation method and the modified auxiliary equation method, 
are applied to obtain diverse classes of solutions, including hyperbolic, Jacobi, trigonometric, and rational forms. Numerical 
simulations, performed in MATLAB, visualize bright, dark, singular, kink, periodic, and anti-kink soliton structures through 
3D, 2D, and density plots. The sensitivity of the dynamical system to changes in initial conditions is analyzed, with Lyapu-
nov exponents computed to quantify its stability and dynamic complexity. Both qualitative and quantitative perspectives are 
considered. The results are significant for optical fiber communications, where such stable soliton solutions can minimize 
signal distortion, enhance transmission quality, and support high-capacity, long-distance data transfer.

Keywords  Modified auxiliary equation method · Modified Sardar sub equation method · Soliton · Sensitivity analysis

1  Introduction

Nonlinear partial differential equations (NLPDE) are also 
known as nonlinear mathematical physics equations or 

nonlinear evolution. Nonlinear phenomena occur in a wide 
range of significant scientific and mathematical fields, 
including physical chemistry, biology, and atmospheric and 
space sciences. [1–8]. In recent years, partial differential 
equations (PDEs) have found numerous applications in phys-
ics, applied mathematics, astronomy, and a variety of other 
sciences. PDEs are useful modeling tools in a variety of 
natural science and engineering disciplines. They hold enor-
mous potential for boosting scientific studies. PDEs have 
gained importance in applied mathematics in recent years. 
PDEs are constructed by mathematical modeling of natu-
ral phenomena that describe the dynamics of this scientific 
event that appears in nature.

Soliton theory is a key topic in mathematical physics and 
applied mathematics, fields that have advanced quickly since 
the 1960s. Solitons, sometimes referred to as solitary waves, 
are found in the solutions of a number of partial differential 
equations that are nonlinear. They can be used to explain a 
number of significant physical events and have a number of 
exceptional qualities. Nowadays, the idea of soliton has also 
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come to be examined in a wider context. Several NLPDE 
researchers have employed a range of techniques to produce 
solitary traveling wave solutions in previous studies. In [9], 
Feng et al. constructed wave solutions, such as bright, dark, 
and kink solitons, using the Hirota bilinear technique. Bet-
ter findings came from later studies conducted by research-
ers such as [10] and [11]. To find the soliton solution, [12] 
examines the sine-cosine and sinh-cosh methods. Atas et al. 
[13] explored some novel wave solutions using the modified 
generalized exp rational approach. The representation of the 
generalized Riccati equation for the Fokas system was exam-
ined by Kumar and Kumar in [14]. There are many meth-
ods to study the partial differential equations (PDEs) in the 
sense of soliton wave theory. Using the Khater II method, 
Khater obtained exact wave soliton solutions in [16]. In [17], 
Zayed et al. explored a nonlinear model to get dark, singular, 
bright, and dark-singular solitons. In [18], the new extended 
technique was utilized to construct the novel wave solution. 
In [19], unique solitary wave solutions were discovered via 
the Sardar Sub-equation methodology, the Khater II strategy, 
and the new extended Kudryashov method. Majid et al. [20] 
developed bright, periodic, multiple bright-periodic, mixed, 
and multiple bright-dark. Majid et al. analyzed a variety of 
solitary wave solutions via generalized projective Riccati 
equations, such as U-shaped, bright, bell-shaped, dark, and 
flat kink-type peaks, using in [26]. The Kolmogorov–Petro-
vsky–Piskunov (KPP) model’s soliton solutions with a time-
dependent variable coefficient were investigated in [27]. Sev-
eral new optical soliton solutions, such as periodic waves, 
kink-type waves, rogue-type waves, and unique periodic 
waves, were created in [28] by providing suitable fractional 
parametric values.

In 2013, Kundu and Mukherjee [29] explored the higher-
order nonlinear Schrödinger equation along with its char-
acteristics and applications in various fields of science and 
engineering. The following year, Kundu et al. [30] intro-
duced the (2+1)-dimensional Kundu–Mukherjee–Naskar 
(KMN) equation and its soliton wave solutions, which have 
since been extensively studied by many researchers. In ocean 
engineering, wave phenomena are crucial for understanding 
marine dynamics, while in optics and fiber technology, such 
equations describe nonlinear wave propagation [31–34]. In 
fiber-optic communications, optical solitons predicted by 
these models enable high-speed, long-distance data trans-
mission with minimal distortion, outperforming conven-
tional electrical systems. Considering these applications, we 
now focus on the KMN equation [36], which is described by 
the following form:

which models the evolution of a complex wave envelope 
L(x, y, t) propagating in a two-dimensional spatial domain, 

(1)iLt + �1Lxy + i�2
�
LL

∗

x
− L

∗
Lx

�
= 0, i =

√
−1,

where x and y are spatial coordinates and t denotes time. The 
imaginary unit i =

√
−1 reflects the inherently oscillatory 

and wave-like nature of the system.

•	 The term iLt describes the time evolution of the wave 
envelope with a complex phase factor, typical in 
Schrödinger-type wave equations.

•	 The dispersive effects are represented by �1Lxy , a mixed 
second-order spatial derivative. This term models the 
spreading and shape change of the wave packet due to 
dispersion, involving coupling between the spatial vari-
ables x and y.

•	 The nonlinear term i�2
(
LL

∗

x
− L

∗
Lx

)
 accounts for non-

linear self-interaction effects, such as self-steepening or 
nonlinear phase modulation. It involves the wave enve-
lope L and its spatial derivative, as well as their complex 
conjugates, reflecting the nonlinear influence on wave 
amplitude and phase.

•	 LL
∗

x represents how the wave amplitude couples to the 
spatial derivative of the conjugate, capturing phase-gra-
dient effects and L∗

Lx is the reverse coupling.

Physically, this can describe self-induced drift or self-steep-
ening effects, where the phase gradients alter wave motion.
This equation resembles nonlinear dispersive wave models 
found in nonlinear optics, plasma physics, and shallow water 
waves, with a key difference: instead of the usual Kerr non-
linearity |L|2L , the nonlinear term depends on spatial phase 
gradients. This allows the model to capture effects such 
as refractive index changes driven by intensity gradients 
in non-Kerr media, nonreciprocal coupling in anisotropic 
materials, and two-dimensional modulational instabilities 
with phase-sensitive interactions.

In fresh work [31–34], different solutions for optical 
pulses have been proposed for the Eq. (1). Kumar et al. [35] 
discussed this problem by oblique wave propagation. Jhang-
eer et al. [36] have derived the complex wave solution with 
the aid of a new extended algebraic method approach. In 
[37], the periodic property and its stability analysis were 
studied in the sense of fractional. With the aid of the Laplace 
Adomian decomposition method, the Eq. (1) was investi-
gated [38]. The optical solitons are reported for the Eq. (1) 
model in [39–43].

From the above information, we find the research gap: 
the modified Sardar sub-equation (MSSE) method [44] and 
the modified auxiliary equation (MAE) method [45, 47] 
have not been studied previously. Murad et al. [48] used 
the MSSE method to solve the Fokas–Lenells equation, and 
Kamel et al. [49] also applied this method to the nonlinear 
Schrödinger equation. Akram et al.[50] explored the Lak-
shmanan–Porsezian–Daniel (LPD) model with the MAE 
method. These methods are effective for deriving exact solu-
tions in lower-dimensional nonlinear models. However, they 
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encounter limitations when applied to higher-dimensional 
systems, where the mathematical structure becomes more 
intricate due to multi-directional wave interactions and 
strong nonlinear couplings. In such cases, the solvability 
of these methods is restricted, and the resulting solutions 
may not fully capture the complex dynamical behavior of 
the model. Therefore, while they remain useful for certain 
classes of equations, their applicability to higher-dimen-
sional frameworks is limited, necessitating the development 
or adoption of more generalized analytical techniques and 
advanced computational approaches. Additionally, none of 
the researchers discussed the sensitivity visualizations for 
this model to check the parametric impact and Lyapunov 
exponents in the past. This demonstrates a significant gap 
in earlier research. The work we do closes this gap by incor-
porating various advanced methodologies and doing an in-
depth review of the model. These methods are employed for 
the first time to provide an exact solution to the KMN model. 
There are various optical soliton patterns obtained, includ-
ing bright shapes, dark shapes, and singular solitons in the 
shape of hyperbolic, exponential, trigonometric, and rational 

forms when we visualized some wave solutions obtained 
by (MSSE) method. While the visualization of the MAE 
method describes the wave solution in the form of a kink 
shaped, periodic, and anti kink pattern [51]. The interest-
ing and useful aspects of acquired optical solitons in the 
evolutionary dynamics help us understand complex physi-
cal phenomena. After careful analysis, we use the Galilean 
transformation to create a dynamical system, a first-order 
ODE. Using this dynamic system, we analyze the model’s 
sensitivity analysis and Lyapunov exponents under various 
initial conditions.

The setup of the current article is as follows: Sect. 2 
describes the algorithm of both the MSSE method and the 
MAE method. In Sect. 3, it explores the implementation of 
both these techniques to consider models and their visual 
presentations. In Sect. 4, it discusses the explanation of 
visualization. In Sect. 5, we discuss the dynamical study in 
the aspect of sensitivity analysis, Lyapunov exponents and 
comparison of wave solutions of both these methods and 
with previous studies. Finally, Sect. 6 gives the concluding 
remarks.
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2 � Algorithm of techniques

In this section of the current study, we develop the algorithm 
of both methods. Considered the nonlinear partial differen-
tial equation (NPDE) of the form:

where z = z(x, t) is an unknown function. Applying the fol-
lowing transformation the Eq. (1) change into ODE

2.1 � The modified Sardar sub‑equation technique

As per technique [44], the general solution of Eq. (4) in the 
form of

where W = W(�) , The solutions of Eq. (5) are satisfied by 
the following equation in the form of:

where �0 ≠ 1 and �1 and �2 ≠ 0 are considered to be inte-
gers. To set the Ri to be zero we find out the values of the 
constants R0 , R1 , and R2 . Find out the value of N using the 
homogeneous balance principle. Following are the solutions 
to Equation (6).

Case 1:

•	 If �0 = 0 , 𝜖1 > 0 , and �2 ≠ 0 , then 

•	 If �0 = 0 , 𝜖1 > 0 , and �2 ≠ 0 , then 

Case 2:

•	 For constants f1 and f2 , let �0 = 0 , 𝜖1 > 0 , and 
�2 = +4f1f2 ; then, 

(2)S
(
z, zx, zt, zxx, zxt,…

)
= 0,

(3)z(x, t) = W(cx + dy + �t), � = x − �t,

(4)T
(
z, z�, z��, z���, ...,…

)
= 0,

(5)W(�) = R0 +

N∑
i=1

RiP
i(�), Ri ≠ 0,

(6)P�(�)2 = �2P(�)
4 + �1P(�)

2 + �0,

(7)P1(�) =

�
−
�1

�2
sech

�√
�1(� + �)

�
,

(8)P2(�) =

�
−
�1

�2
csch

�√
�1(� + �)

�
.

(9)

P
3
(�) =

4f
1

√
�
1

�
4f 2

1
− �

2

�
sinh

�√
�
1
(� + �)

�
+
�
4f 2

1
− �

2

�
cosh

�√
�
1
(� + �)

�
.

Case 3:

•	 For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0;

•	 If �0 = 0 , 𝜖1 > 0 , and �2 ≠ 0 , then 

•	 For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0 ; 

then 

•	 For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0 ; 

then 

•	 For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0 ; 

then 

•	 For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0 ; 

then 

Case 4:

•	 Let �0 = 0 , 𝜖1 < 0 , and �2 ≠ 0 ; then 

•	 Let �0 = 0 , 𝜖1 < 0 , and �2 ≠ 0 ; then 

(10)P4(�) =

√
−

�1

2�2
tanh

(√
−
�1

2
(� + �)

)
.

(11)P5(�) =

√
−

�1

2�2
coth

(√
−
�1

2
(� + �)

)
.

(12)
P6(�) =

�
−

�1

2�2

�
tanh

��
−
�1

2
(� + �)

�

+sech
�√

−2�1(� + �)

��
.

(13)

P7(�) =

√
−

�1

8�2

(
tanh

(√
−
�1

8
(� + �)

)

+coth

(√
−
�1

8
(� + �)

))
.

(14)
P8(�) =

�
−

�1

2�2
cosh

�√
−2�1(� + �)

�

sinh
�√

−2�1(� + �)

�
+ i.

(15)P9(�) =

�
−
�1

�2
sec

�√
−�1(� + �)

�
.
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Case 5:

•	 Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then 

•	 Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then 

•	 Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then 

•	 Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then 

•	 Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then 

Case 6:

•	 Let �0 = 0 and 𝜖1 > 0 ; then 

•	 Let �0 = 0 and 𝜖1 > 0 ; then 

(16)P10(�) =

�
−
�1

�2
csc

�√
−�1(� + �)

�
.

(17)P11(�) =

√
−

�1

2�2
tan

(√
�1

2
(� + �)

)
.

(18)P12(�) = −

√
−

�1

2�2
cot

(√
�1

2
(� + �)

)
.

(19)
P13(�) = −

�
−

�1

2�2

�
tan

�√
2�1(� + �)

�

− sec
�√

2�1(� + �)

��
.

(20)

P14(�) =

√
−

�1

8�2

(
tan

(√
�1

8
(� + �)

)

− cot

(√
�1

8
(� + �)

))
.

(21)
P
15
(�) =

�
−

�
1

2�
2

��
R
2

1
− R

2

2
−W

1
cos

�√
2�

1
(� + �)

��

�
R
2
+W

1
sin

�√
2�

1
(� + �)

�� ,

(22)
P16(�) =

�
−

�1

2�2
cos

�√
2�1(� + �)

�

sin
�√

2�1(� + �)

�
− 1.

(23)P17(�) =
4�1e

√
�1(�+�)

e2
√
�1(�+�) − 4�1�2

.

Case 7:

•	 Let �0 = 0 , �1 = 0 , and 𝜖2 > 0 ; then 

•	 Let �0 = 0 , �1 = 0 , and 𝜖2 > 0 ; then 

2.2 � Modified auxiliary equation method

The homogeneous balance algorithm is utilized to deter-
mine the balance number n = 1 in Eq. (35). According to the 
modified auxiliary equation method [45], we can suppose 
the following solution:

where f (�) satisfies the following auxiliary equation and 
constants m0 , mi and ni need to be calculated.

where �1 , �1 , �1 , and g are unspecified constants with g > 0 
and g ≠ 1 . The results of Eq. (28) are as follows:

•	 If 𝛽2
1
− 4𝜎1𝛼1 < 0 and �1 ≠ 0 , 

 or 

•	 If 𝛽2
1
− 4𝜎1𝛼1 > 0 and �1 ≠ 0 , 

(24)P18(�) =
4�1e

√
�1(�+�)

1 − 4�1�2e
2
√
�1(�+�)

.

(25)H19(�) =
1√

�2(� + �)
.

(26)P20(�) = i
√
�2(� + �).

(27)
U(�) =m0 +

n∑
i=1

(
mi(Q

f )i + ni(Q
f )−i

)

=m0 + m1Q
f + n1Q

−f ,

(28)f �(�) =
�1 + �1Q

−f + �1Q
f

ln(g)
.

(29)
Qf (�) =

−�1 +

�
4�1�1 − �2

1
tan

�√
4�1�1−�

2
1
�

2

�

2�1

(30)
Qf (�) =

−�1 +

�
4�1�1 − �2

1
cot

�√
4�1�1−�

2
1
�

2

�

2�1
.

(31)
Qf (�) =

−�1 +

�
�2
1
− 4�1�1 tanh

�√
�2
1
−4�1�1 �

2

�

2�1
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 or 

•	 If �2
1
− 4�1�1 = 0,

3 � Execution of the proposed methods

We adopted the MSSE method and MAE method in this part 
of the current article for the MKN model to construct the 
soliton wave solution.

3.1 � The modified Sardar sub‑equation technique

The modified Sardar sub-equation Technique is applied to 
solve the Eq. (1), beginning with the following assumptions. 
The first step in employing this strategy is to minimize the 
equation’s complexity through smart substitution of wave 
variables. These variables are carefully chosen to convert 
the equation into a more tractable form that can be solved 
exactly. Simplification using appropriate wave variables 
is critical for enabling the method’s use. Under the stated 
assumptions, we proceed to derive wave solutions to Eq. (1) 
by the following analysis.

where � and � are undetermined values.
Substituting Eq. (34) into Eq. (1) and separating it into 

real and imaginary parts yields

and

Using the homogeneous balancing algorithm [46] gives the 
simple equation M + 2 = 3M . We find M = 1. Thus, the 
solutions of the KMN model in (5) can be written in the 
form with this balance value M = 1.

The constants R0 and R1 will be established later. Sub-
stituting Eqs. (37) and (6) into Eq. (35) and equating the 

(32)
Qf (�) =

−�1 +

�
�2
1
− 4�1�1 coth

�√
�2
1
−4�1�1 �

2

�

2�1
.

(33)Qf (�) =
−2 + �1�

2�1�
.

(34)
Y(x, y, t) =Y(�) × exp(i�),

� =ax + by − t, � = cx + dy + �t.

(35)�1ab
d2Y(�)

d�2
−
(
� + �1cd

)
Y(�) + 2c�2Y

3(�) = 0.

(36)� = �1(ad + bc).

(37)W(�) = R0 + R1P(�),

coefficients of different powers of P to zero results in a sys-
tem of nonlinear algebraic equations. Solving this algebraic 
equation yields the following set of solutions.

Family 1: If �0 = 0 , 𝜖1 > 0 , and �2 ≠ 0;

Family 2: For constants f1 and f2 , let �0 = 0 , 𝜖1 > 0 , and 
�2 = +4f1f2;

Family 3: For constants R1and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 

𝜖2 > 0;

For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0 ; then

(38)
R1 = ±

√
−

ab�2�

abc�1�2 − c2d�2
,R0 = 0,

�1 =
�

ab�1 − cd
.

(39)
W1(x, y, t) =

�
±

�
−

ab�2�

abc�1�2 − c2d�2

��
−
�1

�2

sech
�√

�1(� + cx + dy + �t)
�
.e�(cx+dy+�t),

(40)
W2(x, y, t) =

�
±

�
−

ab�2�

abc�1�2 − c2d�2

��
−
�1

�2

csch
�√

�1(� + cx + dy + �t)
�
.e�(cx+dy+�t).

(41)

W
3
(x, y, t) =

�
±

�
−

ab�
2
�

abc�
1
�
2
− c2d�

2

�

4f
1

√
�
1

�
4f 2

1
− �

2

�
sinh

�√
�
1
(� + �)

�
+
�
4f 2

1
− �

2

�
cosh

�√
�
1
(� + �)

�

.ei(cx+dy+�t).

(42)

W4(x, y, t) =

(
±

√
−

ab�2�

abc�1�2 − c2d�2

)√
−

�1

2�2

tanh

(√
−
�1

2
(� + cx + dy + �t)

)
.ei(cx+dy+�t),

(43)

W5(x, y, t) =

(
±

√
−

ab�2�

abc�1�2 − c2d�2

)√
−

�1

2�2

coth

(√
−
�1

2
(� + cx + dy + �t)

)
.ei(cx+dy+�t).
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For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0 ; then

For constants R1 and R2 , let �0 =
�2
1

4�2
 , 𝜖1 < 0 , and 𝜖2 > 0 ; then

Family 4: Let �0 = 0 , 𝜖1 < 0 , and �2 ≠ 0 ; then

Let �0 = 0 , 𝜖1 < 0 , and �2 ≠ 0 ; then

Family 5: If �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then

(44)

W6(x, y, t) =

�
±

�
−

ab�2�

abc�1�2 − c2d�2

��
−

�1

2�2�
tanh

��
−
�1

2
(� + cx + dy + �t)

��

+ sech

�√
−2�1(� + cx + dy + �t))

�
.ei(cx+dy+�t).

(45)

W7(x, y, t) =

(
±

√
−

ab�2�

abc�1�2 − c2d�2

)√
−

�1

8�2(
tanh

(√
−
�1

8
(� + cx + dy + �t)

))

+ coth

(√
−
�1

8
(� + cx + dy + �t)

)
.ei(cx+dy+�t).

(46)

W8(x, y, t) =

�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

�
−

�1

2�2
cosh

�√
−2�1(� + cx + dy + �t)

�

sinh
�√

−2�1(� + cx + dy + �t)
�
+ i

.

ei(cx+dy+�t).

(47)

W9(x, y, t) =

�
±

�
−

ab�2�

abc�1�2 − c2d�2

��
−
�1

�2

sec
�√

−�1(� + cx + dy + �t)
�
.ei(cx+dy+�t).

(48)

W10(x, y, t) =

�
±

�
−

ab�2�

abc�1�2 − c2d�2

��
−
�1

�2

csc
�√

−�1(� + cx + dy + �t)
�
.ei(cx+dy+�t).

(49)

W11(x, y, t) =

(
±

√
−

ab�2�

abc�1�2 − c2d�2

)√
−

�1

2�2

tan

(√
�1

2
(� + cx + dy + �t)

)
.ei(cx+dy+�t).

If �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then

Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then

Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then

Let �0 =
�2
1

4�2
 , 𝜖1 > 0 , 𝜖2 > 0 , and R2

1
− R2

2
> 0 ; then

Family 6: Let �0 = 0 and 𝜖1 > 0 ; then

(50)

W12(x, y, t) =

(
±

√
−

ab�2�

abc�1�2 − c2d�2

)
−

√
−

�1

2�2

cot

(√
�1

2
(� + cx + dy + �t)

)
.ei(cx+dy+�t).

(51)

W13(x, y, t) =

�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

−

�
−

�1

2�2
(tan

�√
2�1(� + cx + dy + �t)

�

− sec
�√

2�1(� + cx + dy + �t))
�
.ei(cx+dy+�t).

(52)

W14(x, y, t)

=

(
±

√
−

ab�2�

abc�1�2 − c2d�2

)

√
−

�1

8�2
(tan(

√
�1

8
(� + cx + dy + �t))

− cot(

√
�1

8
(� + cx + dy + �t))).ei(cx+dy+�t).

(53)

W15(x, y, t)

=

�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

�
−

�1

2�2

��
R2
1
− R2

2
−W1 cos

�√
2�1(� + cx + dy + �t)

��

�
R2 +W1 sin

�√
2�1(� + cx + dy + �t)

��

.ei(cx+dy+�t),

W16(x, y, t)

=

�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

�
−

�1

2�2
cos

�√
2�1(� + cx + dy + �t)

�

sin
�√

2�1(� + cx + dy + �t)
�
− 1

.ei(cx+dy+�t).
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Let �0 = 0 and 𝜖1 > 0 ; then

Family 7: Let �0 = 0 , �1 = 0 , and 𝜖2 > 0 ; then

Let �0 = 0 , �1 = 0 , and 𝜖2 > 0 ; then

3.1.1 � Visual representation of KMN model via MSSE 
method

3.2 � Modified auxiliary equation method

By using the homogeneous balancing algorithm, we find out 
the value of M = 1 as per the proposed method.

where m0 , m1 , and n1 are constants that are determined later. 
Substituting Eq. (58) together with Eq. (28) into Eq. (35), 
then set the coefficients of different powers of kf (�)) to zero 

(54)

W17(x, y, t)

=

�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

4�1e
√
�1(�+cx+dy+�t)

e2
√
�1(�+cx+dy+�t) − 4�1�2

.ei(cx+dy+�t).

(55)

W18(x, y, t)

=

�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

4�1e
√
�1(�+cx+dy+�t)

1 − 4�1�2e
2
√
�1(�+cx+dy+�t)

.ei(cx+dy+�t).

(56)

W19(x, y, t)

=

�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

1√
�2(� + cx + dy + �t)

.ei(cx+dy+�t).

(57)

W20(x, y, t) =�
±

�
−

ab�2�

abc�1�2 − c2d�2

�

i√
�2(� + cx + dy + �t)

.ei(cx+dy+�t).

(58)
U(�) = m0 +

n∑
i=1

(
mi(Q

f )i + ni(Q
f )−i

)

= m0 + m1Q
f + n1Q

−f ,

gives a system of algebraic equations, and solving them, we 
find out the following solutions.

Family 1: If 𝛽2
1
− 4𝜎1𝛼1 < 0 and �1 ≠ 0,

Family 2: If 𝛽2
1
− 4𝜎1𝛼1 > 0 and �1 ≠ 0,

(59)

m0 =

±
1

2
�2

√
2
√
cd�1 + �

√
c
√
�2

�
4�1�1 − �2

2

,

m1 =
±
√
2
√
cd�1 + ��1

√
c
√
�2

�
4�1�1 − �2

2

, n1 = 0, a =
2
�
cd�1 + �

�
�
4�1�1 − �2

2

�
a�1

.

(60)

U1(�) =
±

1

2
�2

√
2
√
cd�1 + �

√
c
√
�2

�
4�1�1 − �2

2

+ (
±
√
2
√
cd�1 + ��1

√
c
√
�2

�
4�1�1 − �2

2

)

⎛
⎜⎜⎜⎝

−�1 +

�
4�1�1 − �2

1
tan(

√
4�1�1−�

2
1
�

2
)

2�1

⎞
⎟⎟⎟⎠
.

(61)

U2(�) =
±

1

2
�2

√
2
√
cd�1 + �

√
c
√
�2

�
4�1�1 − �2

2

+ (
±
√
2
√
cd�1 + ��1

√
c
√
�2

�
4�1�1 − �2

2

)

⎛
⎜⎜⎜⎝

−�1 +

�
4�1�1 − �2

1
cot(

√
4�1�1−�

2
1
�

2
)

2�1

⎞
⎟⎟⎟⎠
.

(62)

U3(�) =
±

1

2
�2

√
2
√
cd�1 + �

√
c
√
�2

�
4�1�1 − �2

2

+ (
±
√
2
√
cd�1 + ��1

√
c
√
�2

�
4�1�1 − �2

2

)

⎛
⎜⎜⎜⎝

−�1 +

�
�2
1
− 4�1�1 tanh(

√
�2
1
−4�1�1 �

2
)

2�1

⎞
⎟⎟⎟⎠
.

(63)

U4(�) =
±

1

2
�2

√
2
√
cd�1 + �

√
c
√
�2

�
4�1�1 − �2

2

+ (
±
√
2
√
cd�1 + ��1

√
c
√
�2

�
4�1�1 − �2

2

)

⎛
⎜⎜⎜⎝

−�1 +

�
�2
1
− 4�1�1 coth(

√
�2
1
−4�1�1 �

2
)

2�1

⎞
⎟⎟⎟⎠
.
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Family 3: If �2
1
− 4�1�1 = 0,

(64)

U5(�) =
±

1

2
�2

√
2
√
cd�1 + �

√
c
√
�2

�
4�1�1 − �2

2

+ (
±
√
2
√
cd�1 + ��1

√
c
√
�2

�
4�1�1 − �2

2

)

�
−2 + �1�

2�1�

�
.

3.2.1 � Visualization of KMN model via MAE method

4 � Results and discussion

The obtained wave solutions are visualized in the form 
of 3D, 2D, and density plots in order to demonstrate the 
dynamical properties of the KMN model. By varying param-
eter values, distinct types of soliton structures such as bright, 

Fig. 1   3D, density, and 2D visualization of the bright soliton solution of Eq. (39) with parameters �1 = 0.5 , a = 0.5 , b = 1.25 , �1 = 1.6 , �2 = 0.8 , 
c = 1.45 , d = 0.75 , �2 = 1.45 , and � = 1.5
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dark, singular, kink, and anti-kink solitons are observed. 
These results highlight the strong influence of nonlinear and 
dispersive parameters on the morphology and propagation of 
solitary waves. Graphical representations help illustrate the 
amplitude, profile, and evolution of the solutions, offering a 
clearer physical interpretation of the system.

Figures 1, 2, 3 present the wave solutions generated 
using the MSSE method. In Fig. 1, the solution W1(x, y, t) 
corresponds to a bright soliton, displayed in 3D, 2D, and 
density forms, with parameter values �1 = 0.5 , a = 0.5 , 
b = 1.25 , �1 = 1.6 , �2 = 0.8 , c = 1.45 , d = 0.75 , �2 = 1.45 , 
and � = 1.5 . When the nonlinear coefficient is modified from 
�1 = 1.6 to �1 = −1.6 (while keeping all other parameters 

fixed), the wave solution transforms into a dark soliton, 
denoted W11(x, y, t) , which is also displayed in Fig. 2. This 
highlights that the sign of �1 determines the bright or dark 
nature of the soliton. Furthermore, a singular soliton solu-
tion W15(x, y, t) is obtained when the parameters are set 
to �1 = 0.25 , �2 = 1.15 , a = 0.5 , b = −0.25 , c = 1.25 , 
�1 = −0.45 , �2 = 1.5 , R1 = −1.35 , R2 = 5.45 , W1 = 0.5 , and 
� = 0.5 , as visualized in Fig. 3.

Figures 4, 5, 6 display the wave solutions constructed 
using the MAE method. In Fig. 4, the solution U1(�) simu-
lates an anti-kink soliton with parameter values �1 = 1.25 , 
�2 = 1.15 , a = 1.5 , b = 1.25 , c = 2.9 , d = 1.5 , �1 = 1.45 , 
�2 = 0.45 , �1 = 1.8 , �2 = 0.2 , �1 = 1.5 , �2 = 1.5 , �1 = 10.5 , 

Fig. 2   3D, density, and 2D visualization of the dark soliton solution of Eq. (49) with parameters �1 = 0.5 , a = 0.5 , b = 1.25 , �1 = −1.6 , �2 = 0.8 , 
c = 1.45 , d = 0.75 , �2 = 1.45 , and � = 1.5
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and � = 0.5 . Figure 5 shows the solution U2(�) , which reveals 
a periodic soliton structure for �1 = 0.25 , �2 = 0.15 , a = 0.5 , 
b = 0.25 , c = 1.0 , d = 0.5 , �1 = 0.45 , �2 = 0.5 , �1 = 0.8 , 
�2 = 2.2 , �1 = 2.5 , �2 = 2.5 , �1 = 2.5 , and � = −1.5 . Finally, 
Fig. 6 depicts the solution U3(�) , which corresponds to a 
kink soliton, obtained with parameter values �1 = 0.25 , 
�2 = 0.15 , a = 0.5 , b = 0.25 , c = −1.0 , d = 0.5 , �1 = 0.45 , 
�2 = 0.5 , �1 = 0.8 , �2 = 2.2 , �1 = 2.5 , �2 = 2.5 , �1 = 2.5 , 
and � = −1.5 . Dispersion parameters ( �1, �2 ) and auxiliary 
constants ( R1,W1, �1, �1, �1 ) were kept in moderate ranges 
(0.15–1.50 and model-consistent values) to ensure soliton 
stability. Nonlinearity ( �1, �2 , –1.6 to 1.6) and shape-control 

( a, b, c, d, � , –1.5 to 3.0) parameters were varied to capture 
both bright and dark soliton regimes.

These simulations confirm that the qualitative nature of 
the soliton solution strongly depends on the selection of 
parameters. Nonlinear coefficients ( �1 , �2 ) determine the 
transition between bright and dark solitons, while the signs 
and magnitudes of parameters such as c and � govern the 
emergence of kink, anti-kink, or periodic solitons. Disper-
sion-related parameters ( �1 , �2 ) also influence wave width 
and stability. The obtained results emphasize the delicate 
balance between nonlinearity and dispersion, which ensures 
that the soliton retains its localized profile while exhibiting 

Fig. 3   3D, density, and 2D visualization of the singular soliton of Eq. (53) with parameters �1 = 0.25 , �2 = 1.15 , a = 0.5 , b = −0.25 , c = 1.25 , 
�1 = −0.45 , �2 = 1.5 , R1 = −1.35 , R2 = 5.45 , W1 = 0.5 , and � = 0.5
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a variety of possible structures depending on parameter 
choice.

4.1 � Physical implications

The KMN model provides a rich framework for understand-
ing nonlinear wave dynamics in two-dimensional dispersive 
media, and its soliton solutions display distinct behaviors 
with important physical implications for optical fibers. The 
bright soliton maintains a localized peak of intensity as it 
propagates, its dynamics stabilized by the exact balance 
between anomalous dispersion and nonlinear self-focus-
ing; in optical fibers operating near 1550 nm, this stability 

enables high-speed, long-distance data transmission with 
minimal distortion, making bright solitons central to soliton-
based communication systems. In contrast, the dark soliton 
evolves as a localized intensity dip against a continuous 
background, with its motion governed by a phase gradient 
that induces velocity; dynamically, dark solitons are remark-
ably robust, surviving collisions and perturbations with lit-
tle deformation, and in fiber systems, this robustness makes 
them valuable for coherent communication, phase-encoded 
transmission, and all-optical switching. The singular soliton 
behaves very differently: its dynamics involve finite-time 
blow-up, where energy focuses into an extremely localized 
region, mimicking collapse phenomena; in optics, such 

Fig. 4   3D, density, and 2D visualization of the anti kink soliton solution of Eq. (60) with parameters �1 = 1.25 , �2 = 1.15 , a = 1.5 , b = 1.25 , 
c = 2.9 , d = 1.5 , �1 = 1.45 , �2 = 0.45 , �1 = 1.8 , �2 = 0.2 , �1 = 1.5 , �2 = 1.5 , �1 = 10.5 , and � = 0.5
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behavior corresponds to rogue waves or catastrophic self-
focusing in fibers, with implications for super continuum 
generation in photonic devices and for identifying thresh-
olds of fiber damage at high power. The periodic soliton, 
which evolves as a repeating train of pulses described by 
elliptic functions, exhibits recurrence dynamics in which 
dispersion and nonlinearity exchange energy in a stable 
cycle; in practical terms, these dynamics underlie optical 
frequency combs and mode-locked fiber lasers, essential for 
precision metrology, spectroscopy, and dense wavelength-
division multiplexing in communications. The kink soliton 
propagates as a nonlinear wavefront connecting two distinct 

background states, maintaining its step-like structure as it 
moves; such dynamics resemble domain-wall propagation 
and enable controlled intensity switching, which in fiber 
systems is harnessed for optical logic gates and bistable 
devices. Its counterpart, the anti kink soliton, describes 
the reverse transition, with mirror-like dynamics that sup-
port bidirectional switching; together, kink and anti kink 
solitons are central to reconfigurable optical circuits and 
optical memory technologies, where forward and backward 
transitions are both required. In summary, the KMN soliton 
solutions whether stable bright and dark pulses, collapsing 
singular structures, periodic trains, or topological kink fronts 

Fig. 5   3D, density, and 2D visualization of the periodic soliton solution of Eq.  (61) with parameters �1 = 0.25 , �2 = 0.15 , a = 0.5 , b = 0.25 , 
c = 1.0 , d = 0.5 , �1 = 0.45 , �2 = 0.5 , �1 = 0.8 , �2 = 2.2 , �1 = 2.5 , �2 = 2.5 , �1 = 2.5 , and � = −1.5
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illustrate the diverse dynamical regimes supported by the 
balance of dispersion and nonlinearity, and their physical 
implications directly align with the practical needs of opti-
cal fiber systems for robust communication, switching, fre-
quency control, and understanding of nonlinear instabilities.

5 � Sensitivity analysis

First of all, by using the theory of planar dynamical systems, 
Eq. (35) is converted into the following dynamical system:

with parameters w = 0.5 , �1 = 0.4 , c = 0.2 , d = 0.4 , 
a = 0.35 , b = 0.12 , and �2 = 0.45 . The objective is to 
conduct sensitivity analysis to see how the system reacts 
under different initial conditions. Figures 7a–7d depict the 
two solutions graphically for a variety of initial data. Fig-
ure 7a uses the initial conditions (Y,M) = (0.0, 0.05) in the 
red line and (Y,M) = (0.0, 1.01) in the blue line. In Fig. 7b, 

(65)

{ dY

d�
= M,

dM

d�
=

(
w+�1cd

�1ab

)
Y −

(
2c�2

�1ab

)
Y
3,

Fig. 6   3D, density, and 2D visualization of the kink soliton solution of Eq.  (62) with parameters �1 = 0.25 , �2 = 0.15 , a = 0.5 , b = 0.25 , 
c = −1.0 , d = 0.5 , �1 = 0.45 , �2 = 0.5 , �1 = 0.8 , �2 = 2.2 , �1 = 2.5 , �2 = 2.5 , �1 = 2.5 , and � = −1.5
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the initial conditions (Y,M) = (0.0, 0.9) in the red line and 
(Y,M) = (0.0, 0.4) in the blue line are applied. In Fig. 7c, 
the initial conditions (Y,M) = (0.0, 0.01) in the red line and 
(Y,M) = (0.0, 0.02) in the blue line are applied. Figure 7d 
uses the initial conditions (Y,M) = (0.0, 0.003) in the red 
line and (Y,M) = (0.0, 0.005) in the blue line. Figure 7 dem-
onstrates that small variations in initial conditions may lead 
to noticeably different solution trajectories, highlighting the 
sensitivity of the system.

The connection between these sensitivity results and 
soliton stability in practical applications is significant. In 
optical fiber systems and related nonlinear media, soliton-
based transmission requires robustness to small fluctuations 
in initial pulse profiles or external perturbations. The sen-
sitivity analysis shows that for certain parameter regimes, 
small changes in the initial state can lead to divergent solu-
tion paths, which would correspond to unstable soliton prop-
agation in practice. Conversely, regimes where trajectories 
remain close despite perturbations reflect conditions under 

which soliton solutions are stable and physically realizable. 
Thus, sensitivity analysis not only characterizes the mathe-
matical response of the system but also provides insight into 
the practical reliability of solitons in real-world applications 
such as fiber-optic communication, where initial condition 
perturbations and environmental noise are unavoidable.

5.1 � Lyapunov exponents

To investigate the stability properties of the nonlinear sys-
tem through Lyapunov exponents [52], we introduce a weak 
external periodic forcing into the model. Specifically, by 
adding the perturbation term � cos(��) , the dynamical sys-
tem Eq. (65) is modified as

The stability of the nonlinear dynamical system was inves-
tigated through the computation of Lyapunov exponents 
using the variational equations method under the parameter 
set w = 0.5 , �1 = 0.4 , c = 0.2 , d = 0.4 , a = 0.35 , b = 0.12 , 
and �2 = 0.45 with perturbation amplitude � = 0.001 and 
frequency � = 3 . The results, shown in Fig. (8), reveal the 
evolution of the two Lyapunov exponents. Initially, the larg-
est exponent is positive and the second exponent is strongly 
negative, reflecting transient dynamics. However, as time 
progresses beyond t ≈ 20 , the largest exponent fluctu-
ates around zero while the second remains negative. This 
spectrum indicates that the system is non-chaotic, since 
no persistently positive Lyapunov exponent is observed. 
Dynamically, the negative exponent confirms contraction 
in one direction, leading to decay of perturbations, while 
the near-zero exponent suggests neutral stability in the other 

(66)

{
dY

d�
= M,

dM

d�
= (

w+�1cd

�1ab
)Y − (

2c�2

�1ab
)Y3 + cos(��)

Fig. 7   Sensitivity demonstra-
tion of dynamical system (65) at 
various initial conditions

Fig. 8   Lyapunov plot for perturbed dynamical system (66)
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direction, corresponding to quasi-periodic oscillations. Phys-
ically, this implies that the nonlinear waveforms governed 
by the KMN-type model remain stable under these param-
eter regimes, with soliton structures retaining their integrity 
against perturbations. The presence of a negative exponent 
supports the robustness of localized solitons, whereas the 
near-zero exponent reflects the persistence of recurrence 
phenomena such as periodic or kink solitons. This motivates 
the computation of Lyapunov exponents as a quantitative 
measure of sensitivity to initial conditions and as a diagnos-
tic tool for identifying whether the perturbed system evolves 
toward stable, quasi-periodic, or chaotic regimes (Table 1).

5.2 � Comparison with previous studies

The effectiveness of the MSSE and MAE methods is fur-
ther demonstrated by comparing the obtained solutions 
with results available in the literature. Several researchers 
have explored the KMN model using diverse analytical 
techniques, and their findings provide a useful benchmark 
for evaluating the novelty of the present results. Yıldırım 
[32], by employing the modified simple equation method, 
reported dark, bright, and singular periodic solutions. Some 
of these solutions are consistent with those derived in this 
study, whereas others exhibit structural differences, as pre-
sented in Table 2. Kumar et al. [35] applied the general-
ized Kudryashov method and the new auxiliary equation 
method to generate dark, bright, periodic-shaped, and sin-
gular solitons. A number of their results overlap with ours, 

while certain distinctive features of our solutions set them 
apart. Jhangeer et al. [36] used the direct algebraic extension 
method to establish dark–bright, dark–singular, and purely 
singular solutions. In contrast, our approach succeeds in 
obtaining not only bright and dark solitons but also kink, 
anti-kink, and periodic solitons, thereby extending the solu-
tion space. Singh et al. [40] constructed bright–dark optical 
solitons, periodic waveforms, complexiton solutions, and 
rational structures, whereas Rezazade et al. [42] identified 
lump solitons and rogue wave phenomena.

The present study enriches the existing body of work by 
producing a broader class of soliton solutions that includes 
bright solitons, dark solitons, kink solitons, anti-kink soli-
tons, and singular solitons through the MSSE and MAE 
frameworks. Unlike previous contributions, which were 
largely confined to bright–dark or singular categories, our 
results demonstrate the coexistence of multiple soliton fami-
lies within the KMN model. This comprehensive spectrum 
of solutions underscores the novelty of the adopted meth-
ods and establishes new avenues for further physical and 
mathematical exploration of nonlinear wave phenomena. In 
addition, sensitivity analysis and Lyapunov exponent visu-
alizations of the associated dynamical system were carried 
out under different initial conditions. Our method is more 
efficient, requiring less computational time while main-
taining accuracy and stability across the chosen parameter 
ranges. These analyses provide both qualitative and quan-
titative insights into the behavior of the model and further 
demonstrate the originality and novelty of the present work.

Table 1   Comparison of our solutions by MSSE and MAE Techniques

Solutions obtained by MSSE method Solutions obtained by MAE method

(i) Constructed the 20-wave solution with seven families using this 
effective method

(i) This method has five wave solutions with three families

(ii) In this method the solutions are represented in the 
form of trigonometric(sin, cos, tan, cot, sec ), hyperbolic 
( sinh, cosh, tanh, coth, sech , csch ), and rational functions

(ii) Provide the solutions in the form of trigonometric(tan, cot ), hyper-
bolic ( tanh, coth ), and rational functions

(iii) This approach provides the optimal configurations of solitons, 
such as bright-shaped, dark-shaped, and singular soliton profiles.

(iii) This approach investigates solitons in the form of periodic, kink, 
and anti kink profile patterns.

(iv) The results of this study are more pertinent than those produced 
via the MAE technique

(iv) The application domains are extensive but not as comprehensive as 
the MSSE method

(v) This method works well for studying soliton wave solutions to the 
KMN model

(v) The method is also suitable for exploring the soliton wave solutions 
to KMN model

Table 2   Research Comparison 
of Existing and New Results

Existing research Existing results New results

Yıldırım [32] singular periodic solitons kink and anti kink solitons
Kumar et al. [35] U shaped soliton periodic, kink and anti kink
Jhangeer et al. [36] dark, dark-bright, and dark singular periodic, anti-kink, kink, and bright
Singh et al. [40] bright-dark, complexiton dark, anti-kink, kink, and bright
Rezazade et al. [42] lump-soliton, rogue waves singular, periodic, anti-kink, kink
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6 � Conclusion

This study investigated the KMN model and derived a vari-
ety of soliton solutions including bright, dark, W-shaped, 
combined bright–dark, and periodic solitons by employing 
the modified Sardar sub-equation method (MSSEM) and the 
modified auxiliary equation method (MAEM). The solu-
tions were visualized through 2D, 3D profiles and density 
plots, revealing their structural characteristics under selected 
parameter values. These results have practical significance 
in optical fiber communications, telecommunications, fluid 
dynamics, and ocean engineering. Sensitivity analysis and 
Lyapunov exponent evaluation demonstrated that even 
small variations in initial conditions can markedly influence 
solution stability, indicating the model’s strong parameter 
dependence. The Lyapunov exponent analysis further quan-
tified the degree of stability or instability of the waveforms, 
with positive values indicating chaotic behavior and negative 
values reflecting stable dynamics. This combined approach 
provides a deeper understanding of the nonlinear character-
istics of the KMN model, supporting its applicability in both 
theoretical and engineering contexts. Comparative analysis 
with existing results confirms the novelty and effectiveness 
of the proposed solutions.
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